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ABSTRACT

This paper aims to study ways of contributing to the development of Calculus through a Project-

Based Learning (PBL) approach, which involves students in their first semester of the Integrated 

Master’s program in Industrial Engineering and Management (IEM) at the University of Minho. The 

study presents the analysis of forty-two interdisciplinary project reports developed by students over 

a seven-year period. The reports offer good evidence for the application of the requested Calculus 

learning outcomes, demonstrating that the application of Calculus content occurred during the 

development of the project. This finding means that PBL was successful as a truly active learning 

process for Calculus that involves students learning independently through the interdisciplinary 

resolution of problems related to their engineering professional profiles.
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INTRODUCTION

The curricular structure of the first years of an engineering degree includes a large number of 

courses that can be considered the basic sciences required for engineering (Lima et al., 2012). In 

general, engineering departments offer few courses in these first years of the program, and the 

interaction between the instructors from the basic sciences and the engineering departments is 

minimal (Kumar & Jalkio, 1999). There are a large number of studies investigating the processes of 

teaching and learning mathematics in engineering courses (e.g., Kumar & Jalkio, 1999; Lavesson, 

2010; Engelbrechta, Bergsten & Kågesten, 2012; Diefes-Dux, Hjalmarson, & Zawojewski, 2013;  Nathan, 

Srisurichan, Walkington, Wolfgram, Williams, & Alibali 2013; Dym, College, Agogino, Eris, Frey & Leifer, 

2005) Nevertheless, these works do not present studies involving several years of project-based 

learning approaches, which would offer an understanding of how calculus learning outcomes can be 

developed through this active learning approach. Calculus courses are included in the basic sciences 

area, and it is considered a difficult subject by engineering students (Baracat, Witkowski & Cutri, 

2012; Wrobel, Zeferino & Carneiro, 2013; Fragelli et al, 2013.). In general, engineering  students take 

longer than expected to complete their degrees due to the difficulty in understanding the importance 

of the basic content in the first two years of graduation, which may be explained by pre-university 

difficulties in physics, chemistry and mathematics (Saeki & Imaizumi, 2013). 

Students struggle to acquire mathematics skills, which are needed for their professional futures, 

and strategies for overcoming these difficulties are important. Biggs & Tang (2007, p. 24) believed 

that when students feel a need to understand a concept, they automatically try to focus on underly-

ing meaning, main ideas, themes, principles, or successful applications. One way to create this type 

of inductive learning environment is based on Project-Based Learning (PBL) processes (Prince & 

Felder, 2006). In this type of learning environment, teams of students cooperate on projects and 

present a solution for an existing problem, which is characterized by a sufficient level of complexity 

for the level of competence that students are expected to develop in a predefined period (Graaff & 

Kolmos, 2003; Powell & Weenk 2003). Considering that PBL is an inductive learning solution that 

is widely proposed and implemented in engineering courses (Aquere, Mesquita, Lima, Monteiro & 

Zindel, 2012; Fernandes, Mesquita, Flores, & Lima, 2014; Lima, Silva, van Hattum-Janssen, Monteiro, 

& Souza, 2012; Kolmos, Graaff, & Du, 2009; Kolmos & Holgaard, 2010), it is important to reflect on 

the way students learn Calculus in engineering programs with Project-Based Learning.

The objective of this paper is to analyze the way Industrial Engineering and Management stu-

dents learn Calculus through PBL — in this particular case, the way in which they use Calculus 

when prompted by the need to develop and complete the design of a product and a production 

system that involves mathematical content. This is the first Calculus course for these students. The 
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methodology used for the objective of this study was a document-based analysis of 42 reports of 

the projects developed by first semester teams of students in the Integrated Master’s program in 

Industrial Engineering and Management (IEM-IM) over a seven-year period. This study involved the 

identification of activities related to Calculus as described by the teams of students in the project 

reports to analyze the competences employed to apply the Calculus content.

This paper is divided into six sections. In the first section, the context of the study and objective is 

presented, and in the second section, a brief literature review is presented. The third section presents 

the study context, the fourth section explains the methodology used, the fifth presents the analysis, 

the sixth presents the discussion, and the seventh section concludes with the final considerations.

LITERATURE REVIEW

One of main issues of higher education research is the improvement of learning processes. 

Freire (1996) highlights curiosity as an essential component to be awakened by the teacher, thus 

inducing the student to question, understand and act. There are several methodologies that have 

been used to stimulate the curiosity of the student. Among these, project-based learning (PBL) 

instigates the  students’ interest, arousing their curiosity in engaging the students in the learning 

process (Fernandes, Mesquita, Flores, & Lima, 2014). It is challenging to work from this perspec-

tive; one of the reasons is that both the teacher and students are challenged during the project. 

Working with project-based learning (PBL), the teacher can enrich the students’ work with ques-

tions that encourage learning and should remain aware of the possibilities for guiding learning in 

a critical and conscious way. In this sense, for Freire and Faundez (1985, p. 48), “[...] the first thing 

that the teacher should learn is to know how to question the students. When asked, know what the 

questions are that encourage us and stimulate society. Essential questions emerge from daily life 

because that is where the questions come from.” Awareness of these ideas can be used in the project 

and be translated as a problem to be solved by the students and guided by the teachers. Curios-

ity prompts questions and reflections on a situation, which may improve the students’ knowledge 

and future professional life. Exercising curiosity and questioning move students away from their 

comfort zones and encourages them to challenge themselves. Questioning exercises the right to 

receive answers and questions, participate in discussions and reflections and engage in new ways 

of thinking. Thus, the learning process may offer increasing value for the students and help them 

become skilled future professional. 

Engaging students with real problems in their daily lives was proposed by William Kilpatrick 

(1871-1965) to improve their math classes. For this purpose, he developed the Project Method as 
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an activity that was designed to develop school activities through projects (Kilpatrick, 1918, 1921), 

which would motivate students to learn. The project-based methodology develops active learning 

skills, i.e., is a learning/teaching methodology centered in student learning. Active learning has been 

highlighted as teaching/learning processes that actively engage students in their activities and cre-

ate opportunities for the students to reflect on their own learning processes (Bonwell & Eison 1991; 

Prince, 2004; Prince & Felder, 2006). Prince (2004) researched the most relevant forms of active 

learning for engineering courses and evaluates them positively, with special attention given to PBL 

because it positively influenced the students’ attitudes and their study habits, as well as improving 

their information retention and helping them develop critical thinking and problem-solving skills.

For Engineering Education, Powell and Weenk (2003,) proposed Project-Led Engineering 

 Education (PLEE) as a teaching-learning approach that focused on team-based student activity 

relating to learning and solving large-scale, open-ended projects. During this process, students learn 

how to master the competencies specified in the curriculum within the context of the expected 

 professional practice.

Learning through projects in engineering education enables the development of skills, abilities 

and attitudes and is an active methodology that is student-centered. This approach requires teach-

ers to expand their understanding of the specific knowledge in their disciplines, maintain an open 

mind with regard to research, and promote group work. This is an important skill for teachers and 

students because working collaboratively in groups is a competence that facilitates insertion into the 

labor market; PBL allows them to develop this competence (Alves et al., 2012a; Aquere, Mesquita, 

Lima, Monteiro & Zindel, 2012). PBL, when adopted as a learning methodology, requires substantial 

changes in teaching and learning methods but has a significant impact on student learning and 

motivation (Alves et al. 2012b). PBL engage the students in learning; the greater the involvement 

is, the greater the interest is in learning (Biggs & Tang, 2007). 

STUDY CONTEXT

European higher education system is based on 3 cycle of degrees, respectively Bachelor, Master 

and PhD programs. The bachelor in Portugal has 3 years and the master 2 years. An integrated 

Engineering master program is a 5 year program integrating bachelor and master degrees. This 

study was developed in the context of the first semester of the Integrated Master’s program in In-

dustrial Engineering and Management (IEM-IM 11) at a university in Portugal, in which Project-Based 

Learning (PBL) has been adopted as a learning strategy in the last fifteen academic years (Lima 

et al., 2017). The project was developed by teams of students, and the project was one semester 
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long. A team of teachers from different schools and departments as well as tutors and educational 

researchers collaborated to introduce the PBL approach prior to the Bologna process (2004/2005) 

and perform the successive implementation of PBL to the present (Carvalho & Lima, 2006, Lima 

et al, 2007, Alves, Moreira & Sousa, 2007; Alves et al., 2012b). This implementation model in which 

students learn by working on projects has been the motivation for different studies in this context 

(Alves et al., 2012b; Fernandes et al., 2014; Alves et al., 2015). The instruction interdisciplinary team 

continued researching to improve the PBL model that was adopted to ensure effective learning for 

students, which is performed with the help of students who, at the end of semester, complete a 

survey and discuss the PBL learning process in focus groups. To support this process, documents 

had been designed to facilitate the progress and systematization of this methodology. These include 

the “project guide” and “tutor guide,” among others.

Industrial Engineering and Management Integrated Master’s program: first semester of the first year 

The first semester of first year of any program is always an important and busy semester. Among all 

activities common to other freshman students (i.e., students at university for their first year to pursue 

higher education, typically with 17 to 19 years of age), this period is even more for the IEM-MI 11 students. 

The first week starts with the presentation of the project for the semester in the context of Project-

Based Learning in the Integrated Project of Industrial Engineering and Management I (IPIEMI) course. 

In this presentation, the students are also grouped in teams, and tutors are assigned to these teams. 

At this point, the students are equipped to start the pilot project in this first week. During this week, 

the stress is intense and the workload is heavy, but this is an experience that students do not forget and 

is useful for preparing them for the rest of the semester. This week concludes with a presentation from 

the teams to their colleagues and the coordination team (teachers, tutors and educational researchers). 

Typically, six teams of students are formed with eight to nine students in each team. This number 

of members appears high, but as future engineers, they will be working in large teams. The insertion 

of the PBL course in the first semester of the first year is a fundamental factor for these students in 

the university context (Fernandes & Flores, 2011). This PBL course may help the students understand 

university education and offer responsibilities and awareness of transitioning from secondary school 

to higher education. The course may strengthen the professional and personal bonds between 

the students and teachers, which is a factor in the inclusion of freshman students in academic life. 

Additionally, learning is stimulated by conducting research.

The students’ teams developed their projects using the Industrial Engineering and Management 

contents to design a product and the production system of that product. To develop this project, 

the student teams must apply the content of project-supporting courses (PSC) (Powell & Weenk, 

2003) of the first semester of the first year that are available. Thus, in general, the PSC for these 
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projects are Introduction to Industrial Engineering and Management (IIEM) and Algorithms and 

Programming (AP) from the School of Engineering and Chemistry (GQ), Calculus (CC) and Linear 

Algebra from the School of Sciences.

Each PSC teacher determines the content to apply in the project; for example, all IIEM content is 

applied in the project. The technical competences that each course conveys to students during the 

project execution are available in the project learning guide, which is considered a positive aspect 

of the study and knowledge of the content. The project learning guide is a document updated every 

year with a new project theme and description, instruction team, project milestones, learning out-

comes of each curricular unit, and assessment model of each curricular unit and project. 

Each project theme is briefly described in the project learning guide highlighting the importance 

of the theme followed by the objectives that students are expected to achieve. The project theme 

must be attractive to motivate the students. At the same time, must approach a contemporaneous 

theme connected to sustainability issues (Alves, Moreira, Leão, & Carvalho, 2017; Colombo, Moreira, 

& Alves, 2015; Moreira, Mesquita, & van Hattum-Janssen, 2011). In the first presentation of the project 

course to the students, the theme is contextualized with a video and/or real facts about the theme. 

Also, the project description and objectives are very broad and open to stimulate students’ creativity. 

The project themes of the seven years analyzed in this work are presented in Table 1.

In the first two academic years, the objectives were too broad, as: 1) specify the product (fuel cell 

or water desalination system). This specification should be as rigorous and detailed as possible, in 

accordance with the competences defined for each of the subjects of the semester. There is no type 

of restriction on the type of fuel to be designed at the outset, however, each group should seek the 

endorsement of the coordination group for the product it intends to design; 2) specify a production 

system capable of producing the product defined above. The production system should be designed 

to respond to a given demand and justified by the team. Some results of a project from one team 

are in Figure 1, namely, the fuel cell structure and production system prototype. 

Table 1. Project themes developed by IEM-IM 11 students from seven academic years.

Project themes Academic year

1. Draft of a fuel cell generation system Year 1

2. Design of a water desalination system. Year 2

3. Production of batteries for an electric car: specification of the batteries and the production system Year 3

4. Recycling organic waste to produce bio-alcohol Year 4

5. Potable water production from air humidity: specifications of a portable device Year 5

6. Collection and separation of oil spills at sea Year 6

7. Design of a production system to disassemble electronics products Year 7
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The Figure 2 presents proposals of production systems, from two different students’ teams, to 

produce desalinized water in academic year 2. 

The solutions provided by the students were so different that teachers felt the need to restrict 

the objectives, in a way that indicates better what they needed to do and to reduce the initial effort 

and somehow their first difficulty in choosing the product to design. Nevertheless, they continue 

to make diverse decisions (e.g. raw materials to use, product to produce) depending on the project 

theme. So, in the following cohorts the objectives were defined in a more restricted way, such as 

the one from academic year 3 (Figure 3):

1. Specification of the Battery System for an Electric Car: Specification of relevant vehicle 

 parameters for sizing the propulsion system; Power of the battery system. Vehicle autonomy 

(specify schemes); loading time; dimensions; Weight; lifespan; environmental impact; limita-

tions; technology employed;

Figure 1. Results of a project team in academic year 1: a) fuel cell structure; b) a production 

system concept prototype.

Figure 2. Results of two projects in year 2: a) first draft of a water desalinization system 

b) an image of the production system.
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2. Specification of the production system for the production of batteries: Target market; monthly 

production; number of workers; Providers; management of supply of materials; production 

management; equipments; layout; costs, etc, Proposal of eco-sustainability of the production 

system (water, energy, materials, waste, etc.).

In the cohort of academic year 4 the objectives were “Present the different processes and raw 

materials used in the production of ethanol. Collect data on the use of organic waste to produce 

bio alcohol and produce bio alcohol in the laboratory. Show the pros and cons of current use of 

bio alcohol as fuel at impact level both locally and globally.” Here they could choose different raw-

materials to produce the bio alcohol and the options varied from corn cane to grape cluck (Figure 4). 

In academic year 5, students had to specify drinking water and present the processes /  techniques of 

drinking water production by removal of moisture from the air. Also, they had to choose the  process / 

Figure 3. Results of a project team (2008_09): a) Batteries shape draft of one project 

team, b) shop-floor layout and c) the prototype of the assembly line concept.

Figure 4. Results of a project team: a) a sample of bio-alcohol produced in the laboratory 

from grape cluck b) automated process line to produce bio-alcohol from grape cluck and 

c) prototype of the production system.
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technique adopted and characterize relevant operational parameters and performance of the device. 

They had to produce drinking water in the laboratory and to present the advantages and disadvantages 

of extraction of air humidity from other production methods of drinking water (Figure 5).

“Collection and separation of oil spills at sea” was the project theme of academic year 6 and it 

was expected that teams should identify different physical and / or chemical methods used to clean 

off oil spills at sea. They had to discuss the advantages / disadvantages of each method and to 

propose an innovative solution for the collection and separation of crude oil from seawater. Assess 

the environmental impact of a spill considering the efficiency / inefficiency of cleaning it as a result 

of the method selected for waste. Here a myriad of solutions were also provided by the students as 

production systems, including a boat solution (Figure 6).

During the academic year 7 students had to design of a production system to disassemble elec-

tronics products according the following objectives: Identify the different chemical components 

used in the production of the product. Discuss how to treatment and recovery / re-use of each 

Figure 5. Results of a project team: a) the device designed;  b) the layout and c) prototype 

of the production system.

Figure 6. Three different prototypes of production systems.
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Figure 7. Example of electronic products chosen by the teams to dismantle.

component in order to reduce impact on man and environment. Assess the environmental impact 

of a wrong deposition on soil, water, or air, considering the efficiency / inefficiency of the current 

processes and the solution proposed under this project. The raw-material (product to dismantle) 

was also very diverse from hairdryers, PlayStation, television, phone, printer, car multimedia systems. 

Figure 7 represents three examples of these products. Because an electronic product includes so 

many raw-materials they had to make the decision on what they should focus (e.g. metal, plastic, etc). 

Calculus in the project

Calculus is among the curricular units of the first semester of the first year that support the proj-

ect development. Calculus content was introduced in all projects analyzed in this study. This course 

is offered by the Mathematics Department in the School of Sciences, which assigns a teacher to 

the course and assigns another teacher to support the project in smaller sessions.

The project theme is defined by all the teachers assigned to each course, and the integration of 

the content is defined by each teacher. During the project, with the support of the teachers,  students 

understand the reasons that Calculus competence is important for the project and for their futures 

as engineers. The technical content of Calculus is basically the same throughout the years, with some 

minor changes occurring due to the developed pathway and interdisciplinary maturity of project and 

their participants. In the context of the project, the students must apply this content to develop and 

optimize certain functions that are selected by them and are suitable for the problem they need to solve. 

To guide the student teams during the write-up period, a checklist of the content of each course 

(related to the competences that were to be developed) was created by the coordination team to 

introduce the reports. This checklist serves two purposes: the one purpose already mentioned is to 

guide the students and serve as a guide for the assessment of other reports by different teams and 

to give feedback on these reports. This peer assessment and feedback assigns additional responsibil-

ity to the teams while also giving them the opportunity to read different reports. The coordination 

team believed that this practice is beneficial for the students, and the students agree with this. Thus, 

to create an increased understanding on the way in which the technical aspects of Calculus can be 

integrated into their projects, the students receive the list shown in Table 2.
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Table 3 presents the list of six learning outcomes (LO) defined for the Calculus course. From these 

six learning outcomes, outcomes 1 to 4 are expected to be integrated into the project.

Table 2. Technical aspects to consider for Calculus (in a specific project year).

Technical issues of Calculus to consider in the reports

To explain and justify the need to determine the areas/volumes and extremes of the real functions of one variable;

To write a short theoretical introduction presenting the use of formulas (formulas to calculate the area of a two-dimensional 
region, the surface area, the volume of a solid of revolution, and the arc length);

To discern all the components that are to be determined (rather than showing sketches, when applicable);

To properly define the necessary formulas to calculate the volumes and arc length or surface area of the revolution;

To correctly calculate the integrals and other quantities as well as the extremes of the real functions of one variable.

Table 3. Calculus learning outcomes (LO) for the project.

LO Number Description

1 To analyze the real function of one real variable: the monotony, continuity and differentiability in its domain; 

2 To apply the derivatives of problems; 

3 To understand the notion of a definite integral of a bounded real function; 

4 To use integrals in several applications; 

5 To study the convergence of a numerical series;

6 To define a power series and determine its convergence interval.

Source: Adapted from the project guide of IEM11.

RESEARCH METHODOLOGY

Project-based learning, as described previously in this work, is based on an open problem that 

is addressed by teams of students to simultaneously serve as a means of the application of content 

and as a driver for extending the understanding of that same content. In the case study presented 

in this work, every year, the students examined a different problem and were required to apply the 

content, including Calculus, in a different way. This means that the application of Calculus will vary 

between years, mainly due to different projects’ objectives and the different ways that the teams of 

students used the specific content. Considering that the main objective of this paper is to understand 

the way Industrial Engineering and Management students learn and apply Calculus through PBL, a 

thorough analysis of the reports written by the students over several years can offer an important 

contribution to this objective. 
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Document analysis is a technique that is particularly relevant for the identification of relevant 

information, facts and evidence in documents in light of the research questions. When consider-

ing the research questions, the goal of the document analysis will allow for the understanding of a 

 particular phenomenon and produce a set of inferences that constitute a significant contribution to 

the research (Coutinho, 2013). Thus, in this work, beyond the general objective above, the research-

ers intend to answer to the following questions:

- What were the Calculus learning outcomes introduced in the reports?

-  Which Calculus competences did the students most often develop, based on the results presented 

in the project reports?

To answer to these questions, this paper reflects upon the document analysis of 42 reports 

 produced by PBL student teams over a seven-year period. The researchers conducted several obser-

vations of these reports, which were developed during this time frame in a retrospective longitudinal 

case study (Saunders, Lewis, & Thornhill, 2009). The main goal was to analyze the application of 

Calculus in the interdisciplinary project reports that were created by the teams of students to infer 

the competences learned in the context of this course. Each semester, six teams were formed over 

seven years, resulting in the 42 reports analyzed in this longitudinal study. 

First, a general analysis of the reports was performed. The reports were submitted in the 17th week 

of each semester, and it was observed that all teams’ reports were a maximum of 60 pages, excluding 

the annex. All texts were produced with rigor and clarity. They present an abstract, cross references 

and list of references according to a referencing system. All 42 reports that were analyzed were 

different with regard to writing and research. It was also possible to infer the knowledge acquired 

by the students during the semester.

Second, an analysis of the content was performed that, according to Bardin (2002), comprises 

a set of technical analyses that require a description of procedures and the systematic and 

objective description of the content indicators that allow the inference of relevant knowledge. 

The content analysis was based on the thorough reading of all 42 reports, checking if it show 

evidences of development of any of the Calculus learning outcomes (LO) for the project (Table 3 

above). Each of these evidences was classified as being related to specific LOs. After the classi-

fication phase, the number of reports, the number of teams and the number of evidences per LO 

per year was computed. In summary, each LO presented in Table 3 above was analyzed in detail 

based on each of the 42 reports to identify whether the Calculus LOs were understood by the 

students. Additionally, a complementary analysis was made in order to try to develop insights on 

the way some teams applied Calculus content. This part of the analysis allows to develop some 

insights on the way students have been applying the Calculus content and have been creating 

interdisciplinary links with the project objectives. Thus, it allowed to analyze the most important 
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results that were found in the reports regarding non-conventional creative strategies, critical 

thinking, and self-evaluation.

DOCUMENT ANALYSIS

At the end of the semester, the student teams delivered the final reports presenting their 

 cumulative work. These reports were assessed by the teacher team.

In this section, we intend to answer to our research questions. In the first subsection, we identify 

the Calculus Learning Outcomes (LO) presented in the reports, and we will ascertain which of these 

outcomes were more thoroughly developed by the students. In the second subsection, we analyze 

the subsequent results presented in these reports.  

LO introduced in the reports

Each LO presented in Table 3 above was analyzed in detail based on each of the 42 reports to 

identify whether the Calculus LOs were understood by the students. We observed that not only they 

were present, but the Calculus content was applied in several cases of the 42 reports in the study. 

In Table 4, we can see the number of reports in each year that presented sufficient knowledge 

that allowed us to determine the LOs, presented in Table 3 above, that were achieved. 

As can be observed in Table 4, most of the teams were able to introduce 4 out of the 6 LOs 

that were expected in the developed projects — the competences related to integrals application 

Table 4. Number of reports per academic year, considered by the authors as having 

achieved the LOs that were required by Calculus.

LO number Year 1 Year 2 Year 3 Year 4 Year 5 Year 6 Year 7

1 3  5 6 5 5 4 6

2 2  2 3 – 1 6

3 6  6 6 6 6 6 6

4 6  6 6 6 6 6 6

5 – – – – – – –

6 – – – – – – –

* –  6 4 4 – 1 1

+ – 14 4 9 – 1 1

Note: *Number of teams that introduced references in the final report.  +Total number of references cited by the teams in 
the final report.
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were required and evaluated by the Calculus teacher. We also analyzed the way in which the other 

 Calculus LOs were introduced and used in the projects that are described next. The Learning Out-

come 1 states that, at the end of the course, students should be able “to analyze a real function of 

one real variable: monotony, continuity and differentiability in its domain”, was applied in almost all 

of the reports (80.9%) following a homogeneous distribution over the years. This content is taught 

in secondary school, and they were used in the projects to refine the visualization of competence 

with integrals.

The Learning Outcome 2, is defined as students should be able “to apply derivatives in problems”, 

was evident in 14 reports (33.3%). In the first three years, only 2 reports each year achieved this LO, 

and all the reports in the final year (6 reports, almost half of the 14 reports) sufficiently achieved 

this LO. In the final year, the Calculus support teacher adopted a different attitude and recognized 

the struggle the students experienced in apply the mathematical principles; he decided to present 

the students with two specific open problems (Cargnin-Stieler, Lima, Alves & Teixeira, 2013) that 

resulted in applications of derivatives.

The Learning Outcome 3 was described as students should be able “to understand the notion 

of a definite integral of a bounded real function,” and the Learning Outcome 4, defined as students 

should be able “to use integrals in several applications,” were required and appeared to be suffi-

ciently attained in all reports (100% of the reports). This content is only taught at the university level 

in the European Union. An example of how students include these LO is presented in the following 

quotation from one report:

The aim is to study solids in order to choose the best material in which to store the 

components that will be sold and recycled. Thus, we use these equations to determining the 

volume of a solid revolution and surface area. (Report 37, p. 27)

V
0

1

∫=  π [f(x)]2dx

A
0

1

∫=  2π f(x) dx + π [f (x0)]2 + π [f (x 1)]2 

The Learning Outcome 5 that was presented as students should be able to “study the conver-

gence of a numerical series” and Learning Outcome 6, students should be able to “to define a 

power series and determine its convergence interval,” were not applied. The related content is not 

required in the project and is normally taught at the end of the semester. This content requires a 

deep knowledge of other theories for application in complex real situations. One application of 

power series can be found in electricity systems (e.g., Rodrigues, Crepe, Porto, Ulson, Serni, 2010; 

Nascimento, 2004).
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Upon observing the research development and mathematical argumentation quality, the teams 

understood the requirement to apply the Calculus content and solve the proposed problem, as 

evidenced by the following quotation:

Once the ratio  for the chosen revolution solid is obtained, we propose to compare it 

with the optimal solid obtained previously because the cylinder had a ratio that was 

approximately equal to 5.54. Our revolution solid is inferior in this aspect, which implies that 

the cylinder obtained is the best among all those considered. (Report 39, p. 59)

It is possible to conclude that for the same volume, the cylinder has a smaller surface area 

than the solid of the revolution created by the group. Thus, it is helpful to use the cylinder as 

a container for storage. 

Thus, the cylinder dimensions given a volume = 1m3 are the following:

h
V

r
v

1

2

2 1

3

2π

π

= =

π 





















 = 1,08 m

r
V

2

1

2
3 3

π π
= =  = 0,54 m

It follows that the ideal cylinder has h= 2r. (Report 38, p. 53)

It was also possible to see that the Calculus knowledge resulted in greater objectivity in the pro-

posals presented and in decision-making, as presented in the following quotation:

The definition of the container shape is important, not only in terms of the material costs but 

also for the space occupied in the company facilities. The choice of the optimal solid to use 

for the containers’ shape is therefore very important. (Report 39, p. 51)

Some complementary results of the way students applied Calculus

Learning Outcomes 3 and 4 were the LOs with large number best developed of the 42 reports, 

and their application produced a significant amount of visible results by facilitating the creation 

and use of geometric solids in the construction of the product prototype to respond to the require-

ments of the project. Additionally, it was considered important to explore the way students applied 
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Calculus content. Despite the fact this part of the analysis is not based on a thorough classification 

and quantification of the way students applied Calculus content, it allowed to develop some insights 

on the way they have been applying the Calculus content and have been creating interdisciplinary 

links with the project objectives. Thus, although the evidences presented in this section are scarce, 

they show some useful information on the way students developed arguments and applications of 

the Calculus content. 

A. Non-conventional creative strategies

Evidence of the non-conventional forms and strategies that were adopted by the teams dem-

onstrated creativity and thought with regard to the application of math, which show the learning 

and confidence of these students regarding Calculus content. In this sense, one of the teams in the 

project, for which the objective was to produce potable water from humidity (academic year five), 

created a portable device image that, according to some arguments, may be successful as entre-

preneurial innovation (Figure 8). The students describe this image as follows:

The company [the student team] thought of an innovation image that is suitable for all client 

tastes. It was decided that this would be in the form of a jar. This is considered a futuristic 

and aesthetic vision because this form does not exist in any form in the market, can fit into 

any area of a house, and is easy to transport. (Report 28, p. 14)

They continue,

(...) the device will have a height of 57 cm, a radius of 14 cm and a volume (v1) of 20 liters. 

However, through the knowledge acquired in the Calculus classes, it was possible to 

Figure 8. Design of the portable device that would produce potable water from humidity. 

Source: Report 28, p. 15.
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determine the functions corresponding to the solidity of the revolution, the volume of the 

device, and the surface area of the revolutions with the help of integrals (Report 28, p. 15)

B. Critical thinking

The students were able to verify that the identified answer was not the expected one, so they 

sought assistance after validating the results; they concluded this issue was not the results of prob-

lems in the study. An important aspect of this PBL study is comparing the expected results with 

those obtained. This situation shows that the students used Calculus techniques to solve real world 

problems and employed critical thinking. The text shows this concern:

The integral calculation presented in the preliminary report was not the expected result 

because the values were too large. Thus, we concluded that were some errors in the integral 

development. The same occurred for the revolution surface area. To solve this problem, the 

team consulted the Calculus teacher and reformulated the graphic functions to obtain the 

correct calculations (Report 28, p. 15)

Beyond the notion of the expected result and the students’ persistence, one can understand the 

 relevance of this type of learning to the learner and the proximity of the students to the teacher and/or tutor. 

The software use facilitated the Calculus application in the projects and was applied mainly when 

developing integrals and calculating areas and volumes. Meanwhile, with regard to the teams’ creativ-

ity in visualizing non-conventional solids, the studies extended beyond the acquired knowledge. In the 

reports, difficulties encountered by the teams were observed when they were faced with complicated 

integrals that they did not solve without specific programs. However, this situation was not a demoti-

vating factor that was an obstacle to the creativity of the solid in the study. In this sense, the authors 

recognized that the students advanced in their research because they used methods and programs to 

obtain the expected results. It is also important that the students recognized that their knowledge was 

not sufficient. They needed to seek other tools, after which they became aware of numerical software 

that could help them perform difficult calculations. Among the final remarks of report 29, the students 

describe the use of a program to solve the integrals using the numerical approach method. They wrote:

In the context of Calculus, the task was to calculate the device’s total volume and the 

respective surface area. The physical shape of the device was given through a function that 

was obtained by trial. The graph of the function of the rotation of the x-axis in a Cartesian 

reference resulted in the shape of the device in question. Thus, to determine all data for the 

device, integrals were applied. Some integrals cannot be obtained at this time, and the team 
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used the “Scientific Workplace” program, which allowed the team to identify the solution of 

the required integrals (Report 29, p. 54) 

The students did not abandon their efforts when they faced difficulties, and they did not redesign 

the prototype; instead, they sought alternatives to solve the Calculus block and keep the prototype. 

Figures 9a and 9b show the visual representation of the device designed in this report and the 

graphic representation of the functions that created this device.

The students preferred to keep the prototype and further analyze the calculations. They were 

able to obtain a representation that was similar to the regular shape because the initial proposal 

had requirements beyond the integral calculation to find the volumes and areas of known shapes 

or those that are normally described in the books.

C. Self-evaluation 

A diverse array of techniques can stimulate interest and objects of study, mainly at the under-

graduate level, by serving as a learning facilitator. Yuen, Saygin, Shipley, Wan & Akopian (2012) be-

lieved that such technologies could be used to support instruction while motivating and involving 

the students in the learning. This affirmation is easily seen in the report analysis.

In report 35, the project — from the academic year six — was the collection and separation of oil 

spilled at sea, in which a team of students created a ship with decantation towers. After designing 

and describing the production system, they present all calculations of three geometric structures: the 

cylindrical towers, the dome (ellipse) and the cone (the tower bottleneck). They reported the following:

The Calculus application was an essential element for this topic because, through integrals, 

we obtained the volume calculation and eventually the areas of the solids that had unusual 

Figure 9. a) Device created for the production of potable water b) Graph of the functions 

that created the device. Source: Report 29, p. 14 and 15.



FALL 2019 19 

ADVANCES IN ENGINEERING EDUCATION

Learning Calculus through PBL in an Industrial Engineering  

and Management Program - A Seven-Year Study

shapes that would have otherwise been impossible. Thus, with the knowledge acquired from 

Calculus, we understood that the suggested proportions for the objects of our production 

system are the most suitable for attaining the efficiency level and required quality. 

(report 35, p. 29)

Among the reports, it was possible to experience real-world situations where content from 

 Calculus can be applied. In traditional classes, it is responsibility of the teacher to justify the im-

portance of a calculation that is sometimes not clear to the students. For example, the following 

quotation from one report shows the importance of Calculus for a project in the perspective of 

the students:

Having information about the method to obtain water and its quality, we proceed to the 

physical conception of the device. For this, the acquired knowledge in the Calculus course 

was very useful. We designed a device shape and, through integration, its dimensions and 

volume were calculated. (Report 28, p. 60)

Beyond the LOs of the Calculus course, the students also used other mathematical knowl-

edge and reasoning to determine the number of workers, cost minimization, profit maximiza-

tion, forecasting and average estimations, which allowed them to propose economically viable 

solutions, clarify decision-making, and evaluate the production system. At the same time, 

the proposed solutions must adhere to ethical, moral and legal regulations. In this sense, it 

was possible to clearly observe the integration of the courses and the concretization of the 

 interdisciplinary project.

Beyond the competence analysis, the difference between the number of bibliographic references 

referring to the Calculus course in each report was recognized. It is important to mention that among 

the bibliographic references, six Calculus books with the correct citations were included with the 

report to clarify the development of the study. The learning extension was observed and noteworthy 

for the teams that sought references beyond the lecture notes.

DISCUSSION

In a deeper analysis of the reports, it was possible to understand the evaluations and reflections 

of the activities performed in the projects, the application of the knowledge acquired in the courses, 

and the research performed. Through the conclusions of the reports, it was possible to follow the 
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teams’ work, some of whom reported that difficulties emerged during the semester. This is expressed 

in the following quotation from one report:

The achievement of a project like IPIEM involves difficulties that are not easy to 

overcome, which become significant obstacles. In this way, significant effort was 

necessary from all team members, and it was essential that everyone knew to work in 

teams to achieve the objectives proposed. It is necessary to interrelate all the knowledge 

that was acquired in the various courses and perform research to achieve the result 

required (report 33, p. 46)

The students understand that the tutor determines the success of the team during the semester 

and is critical for overcoming the initial difficulties. This is in line with the research of Alves et al. 

(2007, 2010) in the context of these projects. In the same reports, the difficulties encountered were 

described, in addition to the value of the work performed and the achievements made. Among the 

remarks, the following is highlighted:

The team concluded that this project had an important role in the consolidation of the 

content taught in the various courses in addition to stimulating the research. For the future, 

the team believed that the project was an important experience to remember because it 

revealed aspects of our future profession and demonstrated the importance of teamwork 

(Report 33, p. 46) 

This project was a major milestone at the beginning of our path as university students. 

Learning was focused on the student, not on the teacher, as established by one of the 

objectives of this project — our autonomy. It was also possible to develop our teamwork 

skills, manage conflict, develop critical thinking and decision-making skills, which serve to 

foster transversal competences. (Report 36, p. 4)

It was observed that the teams experienced and reported the facts through their capacity 

to understand the learning acquired during the semester. According to Fernandes, Mesquita, 

Flores, and Lima, (2014) the interdisciplinary projects provided relevant experience that was 

capable of enabling learning construction because the students constructed meaning between 

the  acquired information and learning experiences. The authors realize that for the students, 

working on an interdisciplinary project provides the construction of meaning for the Calculus 

content. 
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Beyond the application of Calculus, the research performed reported the importance of this 

methodology. The conclusions are shared below:

The development of this project implied the adoption of another learning type, a new 

method of learning in which the acquisition of new knowledge implied greater effort from 

our side as well the development of correct methods with the aim of achieving efficient 

solutions for the problems proposed (Report 36, p. 4).

The project, over time, offered a fantastic experience for all team members, which 

contributed to the development of all members as students and individuals. With regard to 

personal development, the relationship between students and teachers was very positive, 

which is essential not only to team members but also to colleagues of the same year, 

program, academic community and society. (Report 26)

To offer students effective higher-level education in engineering programs, the faculty must 

implement engineering-related work that allows the students to apply their knowledge and develop 

their interests (Yuen, Saygin, Shipley, Wan & Akopian, 2012). This can be accomplished by allowing 

the students to work on complex projects with their peers and work with engaged teachers. The 

students began with a simulated open problem that is realistic and relevant to their professional 

context. They then had to cope with uncertainty and propose a simulated production system adapted 

to their level of knowledge. With this, they could then apply the content covered in class or research 

further and produce a report with accuracy and clarity.

It was concluded that the projects had improved with the application of the Calculus; the analy-

sis of the reports show that the application of Calculus is possible in the context of the chosen 

themes. The content addressed depends more on the creativity and efforts of the students than 

the demands and rigor in ensuring that all the topics are covered in the project. By participating 

in interdisciplinary projects, the Calculus teacher intended for the students to understand the way 

in which the content was covered in the class, including mathematical formulas, and translate and 

model certain situations, after which the goal was successfully achieved. This discussion occurs 

from the perspective of the student on the applicability of Calculus; for an academic context, 

knowledge is used to simulate a situation in the context of their future profession (Alves, Moreira 

& Sousa, 2007).

The authors understand that the application of Calculus is based on three components: the 

students, teachers and the theme. From the students, creativity, knowledge and the pleasure of 

studying are expected. From the teachers, competence in stimulating the students and teaching the 
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students the content and research resources are expected. Some project themes may have been 

more attractive and simpler for Calculus application.

The importance of the interdisciplinary project for Calculus was observed from the reports 

through the content consolidation obtained in the classes. Through the report analysis, the authors 

also observed the application of antiderivation and use of integrals to determine two-dimensional 

areas, volumes and surface areas of solids of revolution. Thus, it is possible to conclude that Calculus-

related technical competences were achieved successfully. In the conclusion of a project report, a 

team analyzed the knowledge process acquisition and highlighted the following: 

After all the work, effort and commitment dedicated to this project during the semester, 

team 5 is proud of the results achieved and believe that we have attained all objectives. 

This project contributed significantly to the growth of each member of the team and 

helped facilitate the creation of new skills due to the project concretization and teamwork 

(Report 29, p. 54) 

From the general analysis of the reports, the authors conclude that these results have gone 

beyond the expected goals of students in their first year of a higher education engineering course. 

FINAL REMARKS

This paper studied the activities performed by students teams in a Calculus course to analyze 

the acquisition of competences, as observed in the reports of interdisciplinary projects during the 

first semester of the first year of the Integrated Master’s program in Industrial Engineering and 

Management over a seven-year period.

In the light of the analysis issues, it is possible to conclude that the competences demonstrated 

in the reports overcome the expectations of the authors because all reports demonstrated good 

examples of the application of the requested competences. In relation to the types of Calculus 

knowledge and competences that were introduced in the reports, the competence “analyze a real 

function of one real variable: monotony, continuity and differentiability in its domain” was the best 

developed in most of the reports. The application of “derivatives in problems” was fully applied 

only in the reports from the year seven. The most clear and intense evidence of all 42 reports 

examined is the Calculus competences that students developed the most in this Project-Based 

Learning process, was the “notion of definite integral of a bounded real function” and “integrals 

in several applications.”
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Thus, it is possible to conclude that Calculus applicability occurred by means of an inductive search 

for solutions made by students during the development of the project, which means that PBL succeeded 

for a Calculus course in serving as a truly active learning process that involves the students in their own 

learning through the interdisciplinary resolution of the problems related to the engineering profession. 

This type of learning approach is in accordance with the current curricular recommendations (SEFI, 

2002) that incorporate a wider view of mathematics for engineers: “Mathematical competence is the 

ability to understand, judge, perform and use mathematical concepts in relevant contexts and situations, 

which certainly is the predominant goal of mathematical education for engineers” (SEFI, 2013, p 7).
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